
Wat
hing Systems in the King GridDavid AugerLaboratoire PRiSMUniversité de Versailles Saint-Quentin-en-YvelinesVersailles, Fran
eIiro HonkalaDepartment of Mathemati
sTurku UniversityTurku, Finland1/14



The King Grid
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Identifying Code
• C set of verti
es (i.e. ⊂ Z2)
• label of a vertex a ∈ Z2 (w.r.t. C,r)

LC(a) := {
 ∈ C : a ∈ B(
, r)}
= B(a, r) ∩ C

• label of A ⊂ Z2
LC(A) := ∪a∈ALC(a)

• C is an (r ,≤ ℓ)-identifying 
ode ifwhenever A,B ⊂ Z2 with |A| , |B| ≤ ℓ,one hasA 6= B =⇒ LC(A) 6= LC(B).

Wat
hing System
• An r -wat
her is a 
ouple (
,Z (
))with 
 ∈ Z2 and Z ⊂ B(
, r)
• W is a set of r -wat
hers
• label of a vertex a ∈ Z2 (w.r.t. W,r)

LW(a) := {w ∈ W : a ∈ Z (
)}
• label of A ⊂ Z2

LW(A) := ∪a∈ALW (a)
• W is an (r ,≤ ℓ)-wat
hing system ifwhenever A,B ⊂ Z2 with |A| , |B| ≤ ℓ,one hasA 6= B =⇒ LW(A) 6= LW(B).3/14



Minimum densities for (r ,≤ ℓ)-id 
ode in the King grid
ℓ = 1 ℓ = 2 ℓ ≥ 3r = 1 D1,1 = 29 512 ≤ D2,1 ≤ 37 ∄[CHL02; Coh+01℄ [Pel09℄ [HL03℄ [HL03℄r = 2 D2,1 = 18 31120 ≤ D2,2 ≤ 27 ∄[Cha+04℄ [HL03℄ [Pel09℄ [HL03℄r ≥ 3 Dr ,1 = 14r Dr ,2 = 14 ∄[Cha+04℄ [HL03℄ [HL03℄[CHL02℄ Charon, Hudry, and Lobstein �Identifying 
odes with small radius in somein�nite regular graphs�[Coh+01℄ Cohen, Honkala, Lobstein, and Zémor �On 
odes identifying verti
es in thetwo-dimensional square latti
e with diagonals�[HL03℄ Honkala and Laihonen �Codes for identi�
ation in the king latti
e�[Pel09℄ Pelto �New bounds for (r ,≤ 2)-identifying 
odes in the in�nite king grid�4/14



Minimum densities for (r ,≤ ℓ)-id 
ode in the King grid
ℓ = 1 ℓ = 2 ℓ ≥ 3r = 1 D1,1 = 29 512 ≤ D2,1 ≤ 37 ∄[CHL02; Coh+01℄ [Pel09℄ [HL03℄ [HL03℄r = 2 D2,1 = 18 31120 ≤ D2,2 ≤ 27 ∄[Cha+04℄ [HL03℄ [Pel09℄ [HL03℄r ≥ 3 Dr ,1 = 14r Dr ,2 = 14 ∄[Cha+04℄ [HL03℄ [HL03℄

1 3
2

Comparison with wat
hingsystems4/14



1: Minimum density of Id-
odes for r = 1 and ℓ = 1
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An optimal
(1,≤ 1)-identifying 
odedensity 29Proof of optimality(lower bound 29):Cohen, Honkala, Lobstein,Zémor2001Constru
tion :Charon, Hudry, Lobstein20025/14



What about wat
hing systems ?TheoremThe minimal density of a (1,≤ 1)-wat
hing system in the King gridis 29 .idea of proofonly the lower bound to provedouble-
ount (in a �nite area) the number of pairs (w , x)where d(w , x) ≤ 1show that if there are lo
al 
on�gurations with few wat
hers,there are more around with lots of wat
hers(shake)it works
6/14



2: Asymptoti
 result for ℓ = 1 and r → ∞

ℓ = 1 ℓ = 2 ℓ ≥ 3r = 1 D1,1 = 29 512 ≤ D2,1 ≤ 37 ∄[CHL02; Coh+01℄ [Pel09℄ [HL03℄ [HL03℄r = 2 D2,1 = 18 31120 ≤ D2,2 ≤ 27 ∄[Cha+04℄ [HL03℄ [Pel09℄ [HL03℄r ≥ 3 Dr ,1 = 14r Dr ,2 = 14 ∄[Cha+04℄ [HL03℄ [HL03℄2
7/14



2: Asymptoti
 result for ℓ = 1 and r → ∞TheoremThe minimal density wr of an (r ,≤ 1)-wat
hing system in the Kinggrid satis�es wr ∼r→+∞
log2 r2r2 = o ( 14r)
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2: Asymptoti
 result for ℓ = 1 and r → ∞TheoremThe minimal density wr of an (r ,≤ 1)-wat
hing system in the Kinggrid satis�es wr ∼r→+∞
log2 r2r2 = o ( 14r)

bx r Upper bound:
→ (2r + 1)2 verti
es in B(x , r)
→ log2((2⌊ǫr⌋+ 1)2 + 1) in the 
entre foridenti�
ation by di
hotomywr ≤ ⌈log2((2r + 1)2 + 1)⌉

(2r + 1)2 ∼
log2 r2r27/14



2: Asymptoti
 result for ℓ = 1 and r → ∞TheoremThe minimal density wr of an (r ,≤ 1)-wat
hing system in the Kinggrid satis�es wr ∼r→+∞
log2 r2r2 = o ( 14r)

bxǫr r Lower bound:To identify verti
es in B(x , ǫr) we needlog2((2⌊ǫr⌋+ 1)2 + 1)wat
hers 
entred in B(x , (1 + ǫ)r).wr ≥ log2((2ǫr + 1)2 + 1)
(2⌈(1 + ǫ)r⌉+ 1)2 ∼

log2 r2(1+ ǫ)2r27/14



3: Wat
hing sets of verti
es within distan
e 1
ℓ = 1 ℓ = 2 ℓ ≥ 3r = 1 D1,1 = 29 512 ≤ D2,1 ≤ 37 ∄[CHL02; Coh+01℄ [Pel09℄ [HL03℄ [HL03℄r = 2 D2,1 = 18 31120 ≤ D2,2 ≤ 27 ∄[Cha+04℄ [HL03℄ [Pel09℄ [HL03℄r ≥ 3 Dr ,1 = 14r Dr ,2 = 14 ∄[Cha+04℄ [HL03℄ [HL03℄

3

Relevant question for Wat
hing SystemsIs there a (1,≤ ℓ)-WS with density stri
ly less than 1 ?8/14



A 
onstru
tion for ℓ = 4 and r = 1pattern S
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A 
onstru
tion for ℓ = 4 and r = 1pattern S
pairwise di�eren
es between elements of S are distin
t9/14



A 
onstru
tion for ℓ = 4 and r = 1pattern S
x + Spairwise di�eren
es between elements of S are distin
t
=⇒ translates of S have at most 1 vertex in 
ommon9/14



A 
onstru
tion for ℓ = 4 and r = 1Constru
tion:put a wat
her on every vertex, with wat
hing zone S(identi�
ation with translates of S);then remove a few wat
hers.

10/14



A 
onstru
tion for ℓ = 4 and r = 1Constru
tion:put a wat
her on every vertex, with wat
hing zone S(identi�
ation with translates of S);then remove a few wat
hers.Idea of proofChoose A 6= B sets of at most 4 verti
es, show
LW(A) 6= LW(B)

10/14



A 
onstru
tion for ℓ = 4 and r = 1Constru
tion:put a wat
her on every vertex, with wat
hing zone S(identi�
ation with translates of S);then remove a few wat
hers.Idea of proofChoose A 6= B sets of at most 4 verti
es, show
LW(A) 6= LW(B)If a ∈ A \ Ba has label a− S , size 5.by S 's property we have (a− S) \ (B − S) 6= ∅so LW(A) 6= LW(B) !10/14



A 
onstru
tion for ℓ = 4 and r = 1Constru
tion:put a wat
her on every vertex, with wat
hing zone S(identi�
ation with translates of S);then remove a few wat
hers.Idea of proofChoose A 6= B sets of at most 4 verti
es, show
LW(A) 6= LW(B)If a ∈ A \ Ba has label a− S , size 5.by S 's property we have (a− S) \ (B − S) 6= ∅so LW(A) 6= LW(B) !In fa
t LW(A)∆LW(B) has size at least 2 −→ remove a fewwat
hers from W10/14



A 
onstru
tion for ℓ = 4 and r = 1Generalization:TheoremLet ℓ ≥ 2. Assume that there exists a set S of ℓ+ 1 verti
esS = {s1, s2, . . . , sℓ+1} ⊆ B(0, r)su
h that all the pairwise di�eren
es si − sj for 1 ≤ i < j ≤ ℓ+ 1 aredi�erent. Then there is an (r ,≤ ℓ) wat
hing system with densityD = 1− 1
(4r + 1)2 < 1in the King grid.

11/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.LemmaA set X of verti
es, not 
ontaining x, but interse
ting all the zonesof the wat
hers wat
hing x, has size at least ℓ.
b

xw1w2 w3
12/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.LemmaA set X of verti
es, not 
ontaining x, but interse
ting all the zonesof the wat
hers wat
hing x, has size at least ℓ.
b

xw1w2 w3b b

X
. . . sin
e we have

LW(X ) = LW(X ∪ {x})12/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.(elements of ) Proof.Suppose W is a (1,≤ 6)-WS.Every wat
her w has weight 1 and 
onfers a weight 1
|Z(w)| to all itswat
hed verti
es.

−→ Show that all verti
es have weight 1
13/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.(elements of ) Proof.Suppose W is a (1,≤ 6)-WS.Every wat
her w has weight 1 and 
onfers a weight 1
|Z(w)| to all itswat
hed verti
es.

−→ Show that all verti
es have weight 1If x is wat
hed by only 1 wat
her: OK.
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The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.(elements of ) Proof.Suppose W is a (1,≤ 6)-WS.Every wat
her w has weight 1 and 
onfers a weight 1
|Z(w)| to all itswat
hed verti
es.

−→ Show that all verti
es have weight 1If x is wat
hed by only 1 wat
her: OK.If not −→ at least 6 wat
hers sin
eTo 
over the zones of those wat
hers wat
hing x with verti
es 6= x ,you need at least 6 verti
es13/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.If x is wat
hed by 9 or more wat
hers
−→ x has weight at least 9× 19

13/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.If x is wat
hed by 8 wat
hers: w1,w2,w3, · · · ,w8To 
over the zones of those wat
hers wat
hing x with verti
es 6= x ,you need at least 6 verti
es
13/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.If x is wat
hed by 8 wat
hers: w1,w2,w3, · · · ,w8To 
over the zones of those wat
hers wat
hing x with verti
es 6= x ,you need at least 6 verti
esIf w1,w2,w3 
an be 
overed with one vertex 6= xwe need 5 verti
es to 
over w4,w5,w6,w7,w8
→ zones pairwise distin
t in B(x , 2) (ex
ept in x)weight of x at least 39 +

51+ 245 > 113/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.If x is wat
hed by 8 wat
hersw1,w2,w3, · · · ,w8and three of these wat
hers 
annot be 
overed with 1 vertex 6= xEvery vertex of B(x , 2) − x wat
hed by at most 2 of w1,w2 · · ·w8weight of x at least 8488 + 1 > 113/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.If x is wat
hed by 7 wat
hersat least 5 have pairwise distin
t zones � ex
ept in xweight of x at least 29 +
5245 + 1 > 1

13/14



The 
ase ℓ ≥ 6 and r = 1TheoremIn the King grid every (1,≤ ℓ)-wat
hing system with ℓ ≥ 6 hasdensity at least 1.If x is wat
hed by 6 wat
hersall the wat
hers have pairwise distin
t zones ex
ept in xweight of x at least 6246 + 1 > 1(the end)13/14



Thank you for your attention
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