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branch paths is homeomorphic to Kl n Note that distinct leaves
3

of T must be disjoint. Figure 1 exhibits four topologically

distinct trees which have five leaves with stem points labelled

Vis Vo Vs V) and Ve In each of them, v, has deg(ve) -1=3

branch paths. Every tree which is not a path has at least one

leaf, and, more generally, the following lemma is easy to prove.

Lemma 1. In a tree T which is not a path, there is one vertex v

for which the number of branch paths at v is deg(v), or there

are at least two vertices, Y1 and Vo for which the number of

branch paths at v, and v, is deg(vl) - 1 and deg(ve) -1, re-

spectively.
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Figure 1. Four trees with the same leaf structure.
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Figure 1. Tree T’ with B(T") = 10 and p(T") = 14.

Theorem 2.2 ([6]). Let T be a tree with set L of endpoints with |L| = 3.LetLy, ..., Lk
be the components of the subtree induced by the set of all branch paths, and let e; be
the number of branch paths in T that are in L;. Then B(T) = |L|—k, and S is a metric
basis if and only if it consists of exactly one vertex from each of exactly e; — 1 of the
branch paths of L;, for eachL;, 1 <i <k

Assume that S is a fault-tolerant resolving set for tree T. For each v in S, the set
S\{v) is a resolving set. By Theorem 2.1, for any v € S N L;, the set S\{v} must
contain a vertex from each of ¢; — 1 of the branch paths of L;. Thus, |SNLi| > ¢; when
e; > 2.1f L is the set of endpoints and E is the set of endpoints to branch paths where
e; = 1, then, by Theorem 2.1, L\E, is a fault-tolerant resolving set. This implies the
next theorem.

Theorem 2.3. Let T be a tree with set L of endpoints with |L| = 3. Let Ly, ..., Ly
be the components of the subtree induced by the set of all branch paths, and let e;
be the number of branch paths in T that are in L;. Let E\ be the set of endpoints
corresponding to branch paths where e; = 1. Then B'(T) = |L\E\| and L\E is a
fault-tolerant metric basis.

Remark 2.4. If § is a fault-tolerant metric basis for 7 and s; is the stem vertex of L;,
then ¢; > 3 implies that § N L; will consist of exactly one vertex from each path of
L:\{si), and, if ¢; = 2, then SN L; can be any two vertices of L;\{si}).

In particular, for the tree T’ of Figure 1, p(T"H =14 and (1,2,3,...,10,y,v,71, $)
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Fig. 2. An optimal locating-dominating set for Z x Z.
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and all of the values of 1/6 shifted to y from vertices x (including x = v) with sl
Y(x,8)=7/2 will be*a total of at moast 10/3
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Fig. 3. FTLD% (Z x Z) < 0.60.

Theorem 10. 12/23 < FTLD%(Z x Z) < 3/5.

Proof. The pattern illustrated in Fig. 3 shows a tiling of Z x Z using nine vertices in
S in each 5-by-3 block, and darkened vertices form an FTLD-set for Z x Z, so FTLD
%(Z x Z) < 9/15.

Let § be an FTLD-set for Z x Z and veS. As noted, 3(v.8)<1/2 + 1/2+
1/3 + 1/3 + 1/3=2. It will be shown that y(v;S)=2 is not possible for any v€S.
Assume v=(i,j) and y(v;§)=2. We have |[N[v]NS|=2 and can assume (i—1,j) € S.
Exactly one clement v* € N(v) contributes 1/2 to y(v;S), and each of the other three
contributes 1/3.

Assume v* =(i—1,j). Then SN{(i—2,/), (i—1,j—1),(i=1j+1), (i.j—1), (i.j+
1), (i+1,/)} =¢. Each.of (i,j—1), (i,j+1) and (i+1, ) have exactly three neighbors
inS,s0 {(i,j—2) (i,j+2), (i+1j—1)G+ 1 j+1)}CSand (i+2,)¢S. But
now an intruder at (i + 1,j) and (i + 1,j — 1) faulty and an intruder at (i,j + 1) and
(i,j+2) faulty would both result in (i,j) and (i+ 1.+ 1) reporting a 1 and everything
else reporting 0, a contradiction.

Assume v' =(i + 1,/), so [N[v*]NS|=2 and [N[(i,j — DINS|=|N[(i.j+ DN
S|=IN[(i—1.)INS|=3. If (142, /) €S, then (i+1.j—1) €S, (i+1j+1) €S, (i.j—1)
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