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Definitions and notation

e G = (X, E) will denote an undirected graphwill denote the
number of vertices o6 andr will denote a positive integer.

e Forxin X, Br(X) denotes théall of radiusr and centrex:
Br(X) = {y U Xs.t.d(x, y) <r},
whered(x, y) is the length of a shortest path betwaemndy in G.

e Two verticesx andy are said to be-twins if they own the same
ball: Br(X) = Br(y). If there is na-twins in G, thenG is said to
ber-twin-free.
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F
e A subselC of G is anr-identifying code (r-1C) of G If:

O (x,y) OX2withxzy, 0 ZBr(X) n CZBr(y) n C#0.
ThenG is said to be-identifiable.

e Theorem: G is r-identifiable if and only IfG is r-twin-
free. In this cas&; = Xis anr-IC of G.

e Problem: whenG is r-identifiable, determine anlC
of G of minimum size.

e The size of a minimum-IC of G is denoted by (G).



Example

e Onthe leftaandcare 2-twinsBy(a) = By(c).

e OntherightC={a,b,c,d e} isaminimum
2-1C: M((Ce¢) = 5.




Generalization tor( < |)-identifying codes

e Given a graplc = (X, E) and a subset of X, we set:
Br(Y) =0 {B(y) fory I Y}.

e A subsetC of Xis said to be anr( < |)-identifying code
If we have, for any pair of distinct subsatandZ with
lY|<land gZ| < I:

e Two subsety andZ are said to ber( < |)-twinsif we
haveY|< |, £l <1, Y# ZandB(Y) = Br(Z). If there is no
(r, < 1)-twins In G, thenG is said to ber, < |)-twin-free.



Outline

|. Unavoidable subgraphs in twin-free graphs
ll. r-terminal graphs

lll. Variations ofM,(G) when a vertex Is deleted
(or added)

V. Variations ofM;(G) when an edge Is deleted
(or added)




|. Unavoidable subgraphs in twin-free graphs

e Let Py denote the path witk vertices:

o o o o

e Theorem: anyr-twin-free graph with at least one
edge contain®2r+1 as annduced subgraph.

e Corollary (J. Moncel, PhD thesis, 2005): anywin-
free graph with at least one edge contains at least
2r + 1 vertices.

e In fact,Por+1 IS the unique-twin-free
connected graph withr2+ 1 vertices.




What about unavoidable subgraphs
m in (1, < 2) twin-free graphs?

e Let Cx denote the cycle witk vertices:

e o - oo

It Is said to beslementary if it does not go through a
same vertex twice.

e Theorem: any (1,< 2)-twin-free graph with at least
two vertices contains an elementary cyClewith

k=7 (not necessarily as an induced subgraph).

e Corallary: any (1,< 2)-twin-free graph contains at
least 7 vertices.



Example of a (1< 2) twin-free graph

e The graph below is (X 2)-twin-free and containsigas
a subgraph, but its largest chordless cyclesis C

O




[ ]
e Conjectures.

1. For any integer = 2, the smallest connected
(r, < 2)-twin-free graph with at least two vertices is the
cycle Car+3.

2. Any (r, < 2)-twin-free graph with at least two vertices
contains a cycle of length at least#4 3.

e Open problem: what about similar results for
(r, < I)-twin-free graphs withh > 2?

e Remark: T. Laihonen (EuJC, 2008) gives a connected
(1, < 3)-twin-free graph with 16 vertices.



Il. r-terminal graphs
L

e Let G = (X, E) be a connectedtwin-free graph with
at least 2 vertice<s Is said to be-terminal if, for
any vertexx of G, Gy = G — {x} Is not r-twin-free.

Or: Gis not r-terminal If there exists a vertex of G
such thaty Is r-twin-free.

e For instancePor+1 Isr-terminal for any > 1.

e Problem: what are the-terminal graphs? Far> 1,
IS P2r+1 the onlyr-terminal graph?




The casea =1

e Theorem: there is no 1-terminal graph.
The proof is based on the following theorem:

e Theorem (N. Bertrand, 2001; S. Gravier, J. Moncel,
2007; 1.C., O.H., A.L., 2007; ...): & be any
connected 1-twin-free graph with> 3 vertices.
ThenM1(G) <n-1.

e Remark: the graphs with M1(G) =n—1 are all

known (F. Foucaud, E. Guerrini, M. KovsSe, H
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There does not exist 1-terminal graph: proof
»

e If n= 3, thenG = P3, which is not terminal since we
may remove the middle vertex while keeping a 1-twin-

free graph:
O ® © becomes @ O

e If n> 3, letC be a 1-IC of sizen— 1 and choosgs.t.
X—-C={x}. ThenCis still a 1-IC ofGy, because
removingx does not cut connexions between pairs of
vertices not containing. ThusGy is 1-twin-free ey
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Example

e The graph below is 1-twin-free altl= X —{x} Is
a 1-1C. TherGy is 1-twin-free (though not connected).




More precisely, we have:

e Theorem: Letn =4 andG be any connected 1-twin-
free graph witm vertices. Then there is a vertgx
such thaiGy Is 1-twin-free and connected.
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Example

L
e The graph below is 1-twin-free atl= X — {f} Is

a 1-IC. TherG: I1s 1-twin-free and connected.




The casea = 3

e Theorem: for each integer = 3, there Is a grapG
which isr-terminal withG # Por+1.

e ExX..r=3,n=4r -1.

o —© ®




The casa = 6

e Theorem: for each integer = 6, there are Iinfinitely
manyr-terminal graphss.




Open problems

e Forr = 2, IsPs the only 2-terminal graph?

e For 3<r <5, there exist-terminal graphs, but are
they in finite or infinite number?




The case of trees

e Theorem: letr>1 andn=2r + 2 be integers, ant
be anyr-twin-free tree withn vertices. Then there
exists a leak s.t. Tx = T — {x} Is r-twin-free.

e Corollary:
1. there is no 1-terminal tree;
2. forr > 1, the onlyr-terminal tree 1922 +1.




lll. Variations ofM(G) when a vertex
- IS added or deleted

e D. Roberts and F. Roberts (EuJC 2008) observed that
removing a vertex from a cycle may incredégby 1.

M2(C7) =4




e Problem: what are the maximum variationsf(G)
when a vertex Is added or deleted?

e More specifically, for any vertexof G, we set
Gx = G — {x}. We study the quantitied(G) — M(Gy)|
and, when appropriat®)(G)/M;(Gx) (or, equivalently,
Mr(Gx)/Mr(G)).




The casea =1

Removing a vertex cannot involve a large decreadé;of

e Theorem: Let G be any 1-twin-free graph. For any
vertexx of G s.t. Gy Is 1-twin-free, we have:

M1(Gx) =2 M1(G) — 1

(see also F. Foucaud, E. Guerrini, M. Kovse, R. N&ser
A. Parreau, P. Valicov, EuJC 2011 for a stronger
result).




The casea =1

Removing a vertex may involve a large increas®gf

e Theorem: There exists a (connected) graphvith n
vertices and a vertexof G with:

M1(Gx) —M1(G) = (n—6)/4=n/4
and M1(Gx)/M1(G) = (3n—6)/2n = 3/2.
e Open problem: can we do better?

e Conjecture: For any graplts, M1(Gx)/M1(G) < 3/2.




Proof
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to every vertex wex

M1(Gx) =9 =M1(G) + (14 — 6)/4

<
=X
O
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The casa = 2

Removing a vertex may involve a large decreaddof

e Theorem: There exists a connected antwin-free
graphG with n vertices and a vertexof G with:

M (G) =M (Gx) =[(N—=3r)(r—1) + 1]f =n(r — 1)k
and M (G)/M((Gx) =r(n—=nr)/(n+22—-3r -1)=r.
e Open problem: can we do better?

e Conjecture: For any grapl and any integer = 2,

M/ (G)/M(Gy) < T.
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The case& = 2, r even,Gx connected

Removing a vertex may involve a large increasMaf

e Theorem: There exists a connected antwin-free
graphG with n + 1 vertices and a vertexof G with:

Mi(Gx) —M(G)=2nl4—-(+1)=n/d
and Mr(Gx)/Mr(G) = 2n/(n + 4r + 4)z 2.
e Open problem: can we do better?

e Conjecture: For any connected grafihand any
even integer = 2, My (Gy)/M((G) < 2.




Example:G forr = 6 andn = 48
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Me(G) = 19 Me(Gyx) = Mg(Cag) = 24




The case = 3, r odd, Gx connected

Removing a vertex may involve a large increasMaf

e Theorem: There exists a connected antwin-free
graphG with n + 1 vertices and a vertexof G with:

M (Gx) —Mi(G) 2 n(3r —1)/12 —r =n/4
andM;(Gy)/M(G) = enr/[n(3r + 1) + 122] = 6r/(3r + 1).
e Open problem: can we do better?

e Conjecture: For any connected graghand any odd
iIntegerr = 3, My (Gy)/M((G) < 2.




The casa = 2, G« disconnected

Removing a vertex may involve a larger increas#af

e Theorem: There exists a connected antwin-free
graphG with n + 1 vertices and a vertexof G with:

Mi(Gx) =M (G) =n(2r-2)/(2 +1) -2 =n
and M (G)/M(G) =nr/(n+ 4r2+ 2r)=r.
e Open problem: can we do better?

e Conjecture: For any grapl and any integer = 2,
Mr(Gx)/Mr(G) <T.




Proof: Gx IS made ok copies ofPar+1

Mi(G) = 2(r + K) Mr(Gx) = 2kr = n—n/(2r + 1)




V. Variations ofM(G)
- when an edge Is added or deleted

e Problem: what are the maximal variations ldf (G)
when an edge Is added or deleted?

e More specifically, for any edgeof G, we set
Ge = G —{¢€}. We study the guantities

IMr(G) —Mr(Ge)|.




The casea =1

Removing an edge cannot involve a large decrease or a
large increase d¥l;.

e Theorem: Let G be any 1-twin-free graph. For any
edgee of G s.t.Ge IS 1-twin-free, we have:

M1(G) — 2< M1(Ge) < M1(G) + 2.




The casa = 2

Removing an edge may involve a large decreadé,of

e Theorem: There exists a connected antwin-free
graphG and an edge of G with:

Mr(G) — Mr(Ge) =T
e Open problem: can we do better?
e Conjecture: For any grapl and any integer = 2,

Mr(G) — Mr(Ge) <T.
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The case = 2, Ge connected

Removing an edge may involve a large increasdof

e Theorem: There exists a connected antwin-free
graphG and an edge of G with:

Mr(Ge) — Mr(G) >r—1.
e Open problem: can we do better?

e Conjecture: For any connected grafihand any
even integer = 2, My (Ge) —M(G) <.




The casa = 2, Ge disconnected

Removing a vertex may involve a larger increas#af

e Theorem: There exists antwin-free graphG and an
edgee of G with:

Mr(Ge) — Mr(G) > 2r — 3.
e Open problem: can we do better?

e Conjecture: For any grapl and any integer = 2,
Mr(Ge) — Mr(G) < 2r.




Proof based on the following graph:
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Thank you for your attentiof® !
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