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• A subset I ⊆ V is called j -dependent if every vertex in I
has at most (j − 1) neighbors in I.

• If I is a j-dependent set of maximum cardinality, then I is a
maximum j-dependent set.

• If I is a maximum k-dependent set, then αj(G) = |I| is the
j -dependence number of G.

• α1(G) = α(G), 1-dependent = independent.
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γk (G) ≤ αk (G)

Jacobson, Peters, Rall, 1990
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k , j ,m ≥ 1 integers s. t. m = k + j − 1

Hm = G[{v ∈ V | deg(v) ≥ m}] Gm = G[{v ∈ V | deg(v) ≤ m}]

Pepper, 2010

γk (G) + αj(Hm) ≤ n

H. & P.

γk (Gm) + αj(G) ≥ n(Gm)

m = δ ⇒ Hm = G

Jacobson, Peters, Rall, 1990

γk (G) + αj(G) ≤ n

m = ∆ ⇒ Gm = G

Favaron, 2005

γk (G) + αj(G) ≥ n
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δ = k + j − 1

Jacobson, Peters, Rall, 1990

γk (G) + αj(G) ≤ n

∆ = k + j − 1

Favaron, 2005

γk (G) + αj(G) ≥ n

G r -regular ⇒ γk (G) + αj(G) = n

for all j , k ≥ 1 s.t. r = k + j − 1

When is regularity necessary?
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γk (G) + αj(G) = n and γk ′(G) + αj ′(G) = n
for every pair of integers k , j and k ′, j ′ such that

k + j − 1 = δ and k ′ + j ′ − 1 = ∆
⇔

G is regular
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γk (G) + αj(G) = n and γk ′(G) + αj ′(G) = n
for every pair of integers k , j and k ′, j ′ such that

k + j − 1 = δ and k ′ + j ′ − 1 = ∆
⇔

G is regular

γ(G) + αδ(G) = n and γ∆−δ+1(G) + αδ(G) = n

⇔
G is either regular

or γ(G) = γ2(G) and G is semiregular

If G C4-free, then:
γ(G) + αδ(G) = n and γ∆−δ+1(G) + αδ(G) = n

⇔
G is regular
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γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Fajtlowicz, 1977

G Kq-free ⇒ α(G) ≥ 2
∆+q n
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m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Fajtlowicz, 1977

G Kq-free ⇒ α(G) ≥ 2
∆+q n

⇒ γδ(G) ≤ n − α(G) ≤ n − 2
∆+q n = ∆+q−2

∆+q n

Adriana Hansberg UPC Barcelona



Definitions k -domination and j-dependence Some implications Other symmetrical results

m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Fajtlowicz, 1977

G Kq-free ⇒ α(G) ≥ 2
∆+q n

⇒ γδ(G) ≤ n − α(G) ≤ n − 2
∆+q n = ∆+q−2

∆+q n

G cubic, Kq-free ⇒ γ3(G) ≤ 1+q
3+q n
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m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Heckman & Thomas, 2006

G planar and K3-free ⇒ α(G) ≥ 3
8n
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m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Heckman & Thomas, 2006

G planar and K3-free ⇒ α(G) ≥ 3
8n

⇒ γδ(G) ≤ n − α(G) ≤ n − 3
8n = 5

8n
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m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Staton, 1979

G K3-free, ∆ ≥ 3 ⇒ α(G) ≥ 5
5∆−1n
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m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Staton, 1979

G K3-free, ∆ ≥ 3 ⇒ α(G) ≥ 5
5∆−1n

⇒ γδ(G) ≤ n − α(G) ≤ n − 5
5∆−1n = 5∆−6

5∆−1n
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m = k + j − 1
Hm = G[{v ∈ V |deg(v) ≥ m}], Gm = G[{v ∈ V |deg(v) ≤ m}]

γk (G) + αj(Hm) ≤ n ⇒ γk (G) ≤ n − αj(Hm)

Hence: any lower bound on αj(Hm) upper bound on γk (G)

Examples for j = 1 and k = δ (⇒ Hm = G):

Staton, 1979

G K3-free, ∆ ≥ 3 ⇒ α(G) ≥ 5
5∆−1n

⇒ γδ(G) ≤ n − α(G) ≤ n − 5
5∆−1n = 5∆−6

5∆−1n

G cubic, K3-free ⇒ γ3(G) ≤ 9
14n
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Caro & Roditty, 1990

δ ≥ k r
r−1 − 1

⇒ γk (G) ≤ r−1
r n

H. & P.
∆ ≤ jr − 1

⇒ αj(G) ≥ n
r
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Caro & Roditty, 1990

δ ≥ k r
r−1 − 1

⇒ γk (G) ≤ r−1
r n

H. & P.
∆ ≤ jr − 1

⇒ αj(G) ≥ n
r

Favaron, H., Volkmann, 2008

δ ≥ k

⇒ γk (G) ≤
⌈ k
δ+1−k ⌉

⌈ k
δ+1−k ⌉+1

n

Hopkings & Staton, 1986

αj(G) ≥ n
⌊∆

j ⌋+1
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Caro & Roditty, 1990

δ ≥ k r
r−1 − 1

⇒ γk (G) ≤ r−1
r n

H. & P.
∆ ≤ jr − 1

⇒ αj(G) ≥ n
r

Favaron, H., Volkmann, 2008

δ ≥ k

⇒ γk (G) ≤
⌈ k
δ+1−k ⌉

⌈ k
δ+1−k ⌉+1

n

Hopkings & Staton, 1986

αj(G) ≥ n
⌊∆

j ⌋+1

Fink & Jacobson, 1985

γk (G) ≥ k
∆+k n

H. & P.

αj(G) ≤ ∆
∆+δ−j+1n
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Fink & Jacobson, 1985

γk (G) ≥ n − e(G)
k

H. & P.

αj(G) ≤ e(G)
δ−j+1
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Fink & Jacobson, 1985

γk (G) ≥ n − e(G)
k

H. & P.

αj(G) ≤ e(G)
δ−j+1

H. & P.

γk (G) ≥ 2e(G)−(∆−k)n
2∆+k−1

H. & P.

αj(G) ≤ (3∆−1)n−2e(G)
2∆+δ−j
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